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e constraints — g;(x) > 0

e structural optimization
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Motivation: Robust Structural Optimization

e structural optimization

e constraints — g;(x) > 0
e uncertainty in loads, manufacturing variability, aging,...
o — robust optimization
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Motivation: Robust Structural Optimization

e structural optimization

e constraints — g;(x) > 0
e uncertain loads
e robust constraint satisfaction — g;(x; ¢) > 0 (V¢ € 2)

robust opt. solution conventional opt. solution

e Optimization with complementarity constraints
— propose a reformulation attacked by an NLP approach
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MPEC (in Complementarity Form)

min  fo(x)
S.T. f](a;)<0, jzl,...,m

e MPEC — mathematical program with equilibrium constraints

e complementarity condition

Y
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MPEC (in Complementarity Form)

min  fo(x)
S.T. fj(w)<0, jzl,...,m

e MPEC — mathematical program with equilibrium constraints

e complementarity condition

y; >0, 220, yz=0

e does not satisfy any constraint qualification

e — standard NLP (nonlinear programming) approach
cannot be applied
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Existing Methods of Robust Structural Optimization

e probabilistic approach
e possibilistic approach

e convex model [Ben-Haim & Elishakoff 90]

e [Elishakoff, Haftka & Fang 94] [Ganzerli & Pantelides 98], [Au,
Cheng, Tham & Zheng 03] [Jiang, Han & Liu 07]

e 1st-order approximation
e [Lee & Park 01]

e semidefinite program

e compliance [Ben-Tal & Nemirovski 97]
e Slress [Kanno & Takewaki 06]
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Robust Optimization (Possibilistic Approach)

e nominal (conventional) structural optimization

min vol(x)

st. gi(u) >0, K(x)u=f

e constraint on the mechanical performance
gi(u) =b; —a;u >0

e x : Ccross-sectional areas K (x) : stiffness matrix
u . displacement f . external load
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Robust Optimization (Possibilistic Approach)

e nominal (conventional) structural optimization

min vol(x)

st. gi(u) >0, K(x)u=f

e constraint on the mechanical performance
gi(u) =b; —a;u >0

e robust constraint
max{g;(u) | K(x)u € F} >0 (W)

e F . uncertainty set of external loads

\%
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Robust Optimization (Possibilistic Approach)

e nominal (conventional) structural optimization

min vol(x)

st. gi(u) >0, K(x)u=f

e constraint on the mechanical performance
gi(u) =b; —a;u >0

e robust constraint
max{g;(u) | K(x)u € F} >0 (W)

e F . uncertainty set of external loads

e robust optimization

min vol(x)

s.t. (M)
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Uncertainty Model

e nominal load : f € R"

e uncertainty set

F={F+Fo¢|a> ¢}

e F'y: constant matrix
e o > 0 : level of uncertainty
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Uncertainty Model

e nominal load : f € R”

e uncertainty set

F={F+Fo¢|a> ¢}

e robust constraint
max{a; u | K(x)u € F} < b; ()

can be rewritten in terms of the KKT condition
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MPEC Formulation

e robust optimization

min vol(x)

s.t. (M)
e MPEC formulation
min v (x)
s.t. xed,
Vi=1,...,n:
( K(x)u;, — f — Fo(; =0,
a; + K('m)“’z =0,
G;F’sz' < b,
a—Cpi >0, A\ 20, Npi(a— () =0,  Vp,
L a+ (i >0, 7 >0, Tpi(a+ () =0, Vp.
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Existing Methods for MPEC

e specialized algorithms for MPEC

e reformulation of MPEC
<+ attacked by a standard NLP algorithm

gi(x) >0, hi(x) >0, gi(x)hi(x)=0 ()
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Existing Methods for MPEC

e specialized algorithms for MPEC

e reformulation of MPEC
<+ attacked by a standard NLP algorithm

gi(x) >0, hi(x) >0, gi(x)hi(x)=0 ()

e regularization [Scholtes 01]  (p \,0)
gi(x) >0, hi(x) >0, gi(z)h(xz)<p
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Existing Methods for MPEC

e specialized algorithms for MPEC

e reformulation of MPEC
<+ attacked by a standard NLP algorithm

gi(x) 20, hi(xz) =20, gi(x)hi(z)=0 (®)
e regularization [Scholtes 01]  (p \,0)
gi(x) 20, hi(z) 20, gi(x)hi(z)<p
e reformulation (nonsmooth)
¢(gi(x), hi(x);0) =0 < (M)
e smoothing [Fukushima, Luo & Pang 98] [Tin-Loi 99]  (p \, 0)
¢(gi(x), hi(z); p) = 0
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Reformulation and Smoothing

e reformulation (nonsmooth)

e Fischer—Burmeister function:
Wy, 2) =y 42— \y2+22=0

e min-function:
Y(y,z) = min{y, 2} = 0

Implicit Reformulation of Complementarity Constraints EngOpt 2010



Reformulation and Smoothing

e reformulation (nonsmooth)

e Fischer—Burmeister function:
Wy, 2) =y 42— \y2+22=0

e smoothing («+ solved by NLP)

¢(y,2,0) = Y(y, 2)
o(y, z, p) Is continuously differentiable  (Vp > 0)

e smoothed Fischer—Burmeister function:

¢(y727p):y+z_\/y2+22‘|—2p2:0

e CHKS smoothing function (Chen-Harker—Kanzow—Smale) :
6y, 2,p) =y +2z—/(y —2)> +4p> =0
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Implicit Reformulation

e smoothed Fischer—Burmeister function:
Oy, z,0) =y +2—y2+22+202=0

e p. smoothing parameter (p \, 0)
e choice of an initial value for p?

e decreasing strategy of p?
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Implicit Reformulation

e smoothed Fischer—Burmeister function:
Oy, z,0) =y +2—y2+22+202=0

e p. smoothing parameter (p \, 0)
e choice of an initial value for p?

e decreasing strategy of p?

e Idea:

e regard p as a variable
e add a constraint so that p = 0 at the optimal solution
e adjust p to y'z (the residual of CC)
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Implicit Reformulation

e smoothed Fischer—Burmeister function

gb(yi,zi,p):yi—i—zi—\/y§+z§+2p2:0 (t=1,....,n) ()

e additional constraint
y'z =n(e” — 1) (%)
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Implicit Reformulation

e smoothed Fischer—Burmeister function

gb(yi,zi,p):yi—i—zi—\/y§+z§+2p2:0 (t=1,....,n) ()

e additional constraint
y'z =n(e” — 1) (%)

e (O)&(d) < 4 >0,2>0, y2,=0 (Vn), p=0

e p IS regarded as a variable

Implicit Reformulation of Complementarity Constraints EngOpt 2010



Implicit Reformulation

e smoothed Fischer—Burmeister function

gb(yi,zi,p):yi—i—zi—\/y§+z§+2p2:0 (t=1,....,n) ()

e additional constraint

yTz =n(e’ — 1) (%)
o (0)&(d) & ¥ >0,22>0,v2=0 (Vn), p=0
e p IS regarded as a variable

e p serves as a measure of the residual of CC:

&) < log (inz + 1) .,

lyTz| is large < |p|islarge YT’z —0 < p—0
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Implicit Reformulation

e MPEC
ma:}n fo(x)
gi(x) >0, hi(x) >0, g;(x)h;(x) =0, Vi

e reformulation

T h@) |

s.t. fi(x) <0, &
C%%(@» hi(z), p) = 0, Vi o (V)
S gi()il) = n(e — 1)

e solve (©) by using a standard NLP
e.g., SQP, interior-point method
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Ex.) 2-bar Truss

e uncertainty in external load
f—f+E1,
2
a > |G| (V)

e Stress constraints

1 3 ) 7

>

nominal opt. robust opt.
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Ex.) 2-bar Truss

e WOrst-case scenarios
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stress states of robust opt. solution

e each stress constraint become active In the worst case
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Ex.) 2-bar Truss

e the smoothing parameter p
VS
the residual of the complementarity constraints y'z = 0

0 5 10 15 20 25 30
iteration
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Ex.) 5-story Frame
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e plane frame

e sandwich cross-section

.2
—tz—TzCEZ

e {;, : 2nd moment of
Inertia

e 1, . Cross-sectional
area

e 2r; . distance be-
tween flanges
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Ex.) 5-story Frame
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e displacement constraints

e 776 variables,
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e plane frame

e sandwich cross-section

.2
—tz—TzCEZ

e {;, : 2nd moment of
Inertia

e 1, . Cross-sectional
area

e 2r; . distance be-
tween flanges

240 complementarity constraints
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Ex.) 5-story Frame
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Ex.) 5-story Frame

e uncertainty in external load

f=Ff+F¢, a> ¢l

e « : level of uncertainty

nominal opt.

a=0.1 a=0.2
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Ex.) 5-story Frame (Computational Result)

e interior-point method: f m ncon (Malab)

o Volume (m’) CPU (sec) lter.
nominal 14.1948 13.4 66
0.05 15.3665 238.1 122
0.10 16.5896 118.8 57
0.15 17.7392 283.1 144
0.20 18.9299 245.6 125
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Ex.) 5-story Frame

e WOrst-case scenarios
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Ex.) 5-story Frame

a=0.1

e Worst-case scenarios
X X X X = Dl X X =
= D = = P = P = P P
B (R X b b 4
X X X 4 4 X X X 4
> X X X 4 4 bl bl >

for displacement ()) for displacement (k)
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Ex.) 5-story Frame

e WOrst-case scenarios
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Ex.) 5-story Frame

a = 0.2
e WOrst-case scenarios
N N
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for displacement ()) for displacement (k)
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Ex.) 5-story Frame

0.2

Q
|

e WOrst-case scenarios — responses

for displacement ()) for displacement (k)
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Conclusions

e robust structural optimization

e uncertainty in external load
e MPEC — Involving complementarity constraints

e reformulation and smoothing

e complementarity function

e smoothing with a parameter p
Fischer—Burmeister/CHKS functions

e implicit reformulation

e treat p as an independent variable
e p IS related to the residual of CC
e solved by a standard NLP approach
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