
`$NJ$\(djKP9k

&)<`&9?<HrM87??j=!

(n1n † gjc ‡

†l~gXgX! (t}psXl6)
‡-ggXgX! (z[Xl6)

December 9, 2010



0!'\(djN`gP)rO

\(djKP9k&)<`&9?<H?j=! OPTIS2010

• λ : YEQia<?
ui : QL (N 1.,)

• fc\Y : λf̄ (f̄ OjY/Hk)

• .5J\Y9FCWhK
`grraak

• v?X*s~A

u 

λ

0 i

YE–QLJ~



0!'\(djN`gP)rO

\(djKP9k&)<`&9?<H?j=! OPTIS2010

• λ : YEQia<?
ui : QL (N 1.,)

• fc\Y : λf̄ (f̄ OjY/Hk)

• .5J\Y9FCWhK
`grraak

• v?X*s~A

u 

λ

0 i

YE–QLJ~

• 0eN9FCWGr/Y-djO$_$KwF$k

→09FCWNrr$=9FCWNI$i|rH7FH$?$
=&)<`&9?<Hj!rsF

(↔3<kI&9?<H)



0!'\(djN&)<`&9?<H

\(djKP9k&)<`&9?<H?j=! OPTIS2010

• \(NJ$lgKO (LoNL9!)'

∇π(uk + ∆u) = (λk + ∆λ)f̄

‖(∆u,∆λ)‖ = θ̄

• s~A}x0r Newton–Raphson!JIGr/

• 09FCWNrO$=9FCWNi|rH7F$
+3KxQG-k



0!'\(djN&)<`&9?<H

\(djKP9k&)<`&9?<H?j=! OPTIS2010

• \(NJ$lgKO (LoNL9!)'

∇π(uk + ∆u) = (λk + ∆λ)f̄

‖(∆u,∆λ)‖ = θ̄

• s~A}x0r Newton–Raphson!JIGr/

• 09FCWNrO$=9FCWNi|rH7F$
+3KxQG-k

• \(djNlgKO'

• F9FCWGjd-djrr/

→&)<`&9?<HrM(k
u

λ

0 i



jd-dj

\(djKP9k&)<`&9?<H?j=! OPTIS2010

f(x,y) = 0,

x ≥ 0, h(x,y) ≥ 0, xTh(x,y) = 0. (♣)
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f(x,y) = 0,

x ≥ 0, h(x,y) ≥ 0, xTh(x,y) = 0. (♣)

• (♣)OJ<HyA'

xp ≥ 0 (∀p) (siro)

sp = hp(x,y) ≥ 0 (∀p) (siro)

xpsp = 0 (∀p) (jd-ro)

• KKTroNlL= → ("kU#G)s~AWh!r^`dj

0 x

s

p

p 相補性問題

KKT条件
(≅非線形計画法)
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• “•” : \(udNa@ (∈ Pc)

• “◦” : QLXjNa@ (∈ PD)

• “△” : 0OXjNa@ (∈ PN)

obstacle
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• R&\(ro'\(udNa@ p (p ∈ Pc)KP7F

gp ≥ 0 [sS~]

rp ≤ 0 [sGe]

gprp = 0 [jd-ro]

x 

node p

ϕ (x)<0p

fixed rigid obstacle

np

tp

1 

x 2 

ϕ (x)>0p

gp

• .cCW gp

• ?OY/Hk rpnp
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• R&\(ro'\(udNa@ p (p ∈ Pc)KP7F

gp ≥ 0 [sS~]

rp ≤ 0 [sGe]

gprp = 0 [jd-ro]

gp > 0 ⇒ rp = 0 : free

rp < 0 ⇒ gp = 0 : contact

gp = rp = 0 : grazing contact
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• a@ p ∈ Pc,\(9k (D=-N"k)dN=LO{NH>j'
{

x ∈ R
3 | ϕp(x) = 0

}

(ϕp ∈ C2)

• 1L!~Y/Hk

np(x) =
∇ϕp(x)

‖∇ϕp(x)‖

• QLu ∈ R
dNvFNhO

{u | ϕp(xp(u)) ≤ 0 (∀p ∈ Pc)}

(xp(u) ∈ R
3 : LVY/Hk)

node p

ϕ (x)<0p

np

t p

ϕ (x)>0p

gp
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• a@ p ∈ Pc,\(9k (D=-N"k)dN=LO{NH>j'
{

x ∈ R
3 | ϕp(x) = 0

}

(ϕp ∈ C2)

• (nc = |Pc|H*$F)

φ(u) :=







ϕ1(x1(u))
...

ϕnc(xnc(u))







• Non-penetration conditionO

g := −φ(u) ≥ 0

Hq1k

node p

ϕ (x)<0p

np

t p

ϕ (x)>0p

gp
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• s~Ajd-dj

∇π(u) = λf̄ +∇φ(u)Tr

g = −φ(u)

gp ≥ 0, rp ≤ 0, gprp = 0 (p ∈ Pc)

• Qt :

• λ : YEQia<?

• u ∈ R
d : QL

• g ∈ R
nc : .cCW

• r ∈ R
nc : ?O

• π : Rd → R : R:_(Mk.<Xt

• f̄ ∈ R
d : YEQ?<s
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• s~Ajd-dj

∇π(u) = λf̄ +∇φ(u)Tr

g = −φ(u)

gp ≥ 0, rp ≤ 0, gprp = 0 (p ∈ Pc)

• Qt :

• λ : YEQia<?

• u ∈ R
d : QL

• g ∈ R
nc : .cCW

• r ∈ R
nc : ?O

• →Fj0=! &?j=!rsF
(...+ warm-start!)
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• jd-djrs~A}x0OK “Fj0=”7Fr/j!

• jd-ro

xp ≥ 0, sp ≥ 0, xpsp = 0 (♥)

• jd-Xt ψ : R2 → R

ψ(xp, sp) = 0 ⇔ (♥)
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• jd-djrs~A}x0OK “Fj0=”7Fr/j!

• jd-ro

xp ≥ 0, sp ≥ 0, xpsp = 0 (♥)

• jd-Xt ψ : R2 → R

ψ(xp, sp) = 0 ⇔ (♥)

• c :

• min{xp, sp}

•
√

x2
p + s2

p − (xp + sp) [Fischer–BurmeisterXt]

• jd-XtOLo nonsmooth (y,TD=J@,8_)
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• jd-djrs~A}x0OK “Fj0=”7Fr/j!

• jd-dj (f : Rn ×R
m ×R

n → R
n+m)

f(x,y, s) = 0

xp ≥ 0, sp ≥ 0, xpsp = 0 (p = 1, . . . , n)

O$s~A}x0OK"eG-k :

h(x,y, s) :=











f(x,y, s)
ψ(x1, s1)

...
ψ(xn, sn)











= 0
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• jd-djrs~A}x0OK “Fj0=”7Fr/j!

• jd-dj (f : Rn ×R
m ×R

n → R
n+m)

f(x,y, s) = 0

xp ≥ 0, sp ≥ 0, xpsp = 0 (p = 1, . . . , n)

O$s~A}x0OK"eG-k :

h(x,y, s) :=











f(x,y, s)
ψ(x1, s1)

...
ψ(xn, sn)











= 0

• p\*KO$h(x,y, s) = 0rNewton!Gr/

• nonsmooth Newton! [Pang 90], [Christensen & Pang 98], etc.
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• Fj0=!G@il?s~A}x0Or “?j=7F”r/

• h(x,y, s) = 0 (Fj0=)

hO nonsmooth (y,TD=J@,8_)

• lLK...
!N-ArbD gνr “gN?j=Xt”HFV'

• $UN ν > 0KP7F$gνO"3y,D=

• $UN x ∈ R
nKP7F$lim

νց0
gν(x) = g(x)

(g : Rn → RO nonsmooth)
(ν > 0O?j=Qia<?)
(gν : Rn → ROXtN2)
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• Fj0=!G@il?s~A}x0Or “?j=7F”r/

• h(x,y, s) = 0 (Fj0=)

hO nonsmooth (y,TD=J@,8_)

• ?j=XtNc :

•
√

(xp − sp)2 + 4ν − (xp + sp)

[← min{xp, sp}N?j=]

•
√

x2
p + s2

p + 2ν − (xp + sp)

[← FBXtN?j=]
[Kanzow 96]

(FBXtO
√

x2
p + s2

p − (xp + sp) )
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• Fj0=!G@il?s~A}x0Or “?j=7F”r/

• h(x,y, s) = 0 (Fj0=)

hO nonsmooth (y,TD=J@,8_)

• Newton!rQ$F (ν ց 0H7J,i)

hν(x,y, s) = 0 (?j=)

rr/
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• Qia<?r ν > 0H7F

∇π(u) = λf̄ +∇φ(u)Tr

g = −φ(u)

ψFB

ν (gp,−rp) = 0 (p ∈ Pc)

• Newton!rQ$kNG$+3Kwarm-startG-=&

• DkO

• νNi|MNha}

• νN:i7}

(ψFB
ν : ?j= FBXt)



Implicit formulation
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• ?j= Fischer–BurmeisterXtG νbQtH_J9'

ψ̃FB(xp, sp, ν) =
√

x2
p + s2

p + 2ν − (xp + sp)

• }x0 η1(c
2) = η2(c),

• c = 0,s`=J#lNr

r~?9h&K$y,D=JXt η1, η2 : R→ Rr*VH

ψ̃FB(xp, sp, ν) = 0 (p = 1, . . . , n)
η1(xTs/n) = η2(ν)

⇒ ν = 0

• ]$sH'
ν = 0,+0*KrKJkh&Ky0)sr 1DU1C(k
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• νbQtH_J7F

ψ̃FB(gp,−rp, ν)= 0 (p ∈ Pc) (♦)

η1(−gTr/nc)= η2(ν)

• η1, η2Nc :

• η1(c) = c+ 1, η2(c) = ec

• η1(c) = c, η2(c) = c+ c3
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• νbQtH_J7F

ψ̃FB(gp,−rp, ν)= 0 (p ∈ Pc) (♦)

η1(−gTr/nc)= η2(ν)

• η1, η2Nc :

• η1(c) = c+ 1, η2(c) = ec

• LoNNewton!r,Q9k

• #lNr,

gp ≥ 0, rp ≤ 0, gprp = 0 (p ∈ Pc), ν = 0

• Newton!N97Khj$+3K ν ց 0HJk
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• νbQtH_J7F

ψ̃FB(gp,−rp, ν)= 0 (p ∈ Pc) (♦)

η1(−gTr/nc)= η2(ν)

• η1, η2Nc :

• η1(c) = c+ 1, η2(c) = ec

• 3NH- (♦)O

ν = log

(

−
1

nc

gTr + 1

)

← “ν =jd-roN (PtGO+C?)D9”H_J;k
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• \Y9FCW k + 1GN`grraak :

∇π(uk + ∆u) = (λk + ∆λ)f̄ +∇φ(uk + ∆u)Tr

g = −φ(uk + ∆u)

ψ̃FB(gp,−rp, ν) = 0 (p ∈ Pc)

η1(−gTr/nc) = η2(ν)

‖(∆u, r,∆λ)‖ = θ̄
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• \Y9FCW k + 1GN`grraak :

∇π(uk + ∆u) = (λk + ∆λ)f̄ +∇φ(uk + ∆u)Tr

g = −φ(uk + ∆u)

ψ̃FB(gp,−rp, ν) = 0 (p ∈ Pc)

η1(−gTr/nc) = η2(ν)

‖(∆u, r,∆λ)‖ = θ̄

• 0N\Y9FCWNr (∆uk, rk,∆λk)ri|rH9k

• “D9”N== : ν = log

(

−
1

nc

gTr + 1

)

+i$νNi|rb

+3Kh^k

• Newton!rBT9kaxG$ν = 0 (+D, ∃p : gp = rp = 0)
HJk3HO$"^jJ5=&
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• 3<kI&9?<HNB3

• ds0( E = 100 MPa
]"=sf ν = 0.3
?L~OuV

• W = 2 m, t = 10 mm

• qx = qy = 0.5 MPa
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obstacle
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• 3<kI&9?<HNB3

• ds0( E = 100 MPa
]"=sf ν = 0.3
?L~OuV

• W = 2 m, t = 10 mm

• qx = qy = 0.5 MPa

in contact
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• ‘�’: Case 1, η1(c) = γ2c + 1, η2(c) = eγc with γ = 1

• ‘◦’: Case 2, η1(c) = c, η2(c) = c + c3

• ‘△’: Case 3∗, η1(c) = c/2, η2(c) = c2 [degenerate]

• ‘⊳’: Case 4, Fischer–Burmeister function [nonsmooth]
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λf

(a)
(b)

x

y
W

H1

H2

obstacle

obstacle

Newton!N?|st

?|st 2 3 4 5 6 7 8 9 10 ≤ n ≤ 16
QY 273 836 139 79 26 8 2 1 5
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`gAu

Newton!N?|st

# of iterations 3 4 5 6 7 8 9 10 12
frequency 1081 379 100 6 7 10 9 10 2
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• s~Ajd-dj
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• `gP)rO
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• 2M:
Y. Kanno: “Nonsmooth Mechanics and Convex Optimization.”

CRC Press (2011).
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