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ugbogbobboobooboboobooobooboobobooobooboboboboo
0000000 (OoD0)0000000000O0O0O0ODODO0O000D000000000O0O000D
goooo

maximize cjx1 + cx2 + -+ 4+ cpTp

subject to anx1 + apre + -+ 4+ amxrn, = b (1=1,...,k),
apnr1 + apre + - 4 appr, < b (i=k+1,... k),
ai1r1 + apre + 0 4 Gpr, > by (=K +1,...,m)0

000000 ¢z +coxo+ -+ cpry, 0000 OO objective function0 000000000 O00O00O0
Jod0ooOoOo00o0o0ooo0odoooOo0o0o0bDbOoO0o00oooDbObOO0o00obDOoOoDoObOOoOoOooo
000000000 DOO000000DO00000D0DO00DO0O0Ooptimal solutionD OO0 O OO

0000000000000 0O00OOcanonical form)0000000000000O0O0OOOOO
gbobobobooboooooooooon

maximize cjx1 + cx9 + -+ 4+ Cup
subject to a;1x1 + apTe + -+ amTy, < b (i=1,...,m) (1)
x1207x2207"'7$n > 0
ogooooa

e 00DDDODOODOO
e 000D00O 21,29, ...,2, 00000000

e NUUDOOODLODLDOODLOODLD <OOOOLOOOODOOOODOOOLOOODDOO

goooboboobobooboobobooooboobooboboboobOoobobboo
gbobooboobboobooobboobouoobbooboaoo
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00000 QRO2000000000000000D000DO0O0OOOOOOODOOODOOODOO
gbgboobobooboobobuoobobooboobobooboboboobuoobob
gbooboobooobooobobooboboooobooboooobobooboboooboobon
gobooobood

gooogooo googogo
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oo B 2 00 5
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000 (00 Q,U0R)OD000OCDOOOO x1,2000000000000000C0DOODOOO
gbobooboooboboobooobooboooooon

max 3r1 + 2x9
x1,T2
subject to x1 4+ 1z < 4
211 < 5 (2)
200 + x9 < 7
120, 2220

0oodD 1. »-x00000000D00DO0DODOODODOODOOODOO

Ooo00oOooooo0oO0oooooooO00oooooOooo0ooooOODOddStandard FormO
obooboobooo

maximize ciz1 + cxa + - +  cpXn
subject to a;1x1 + aprs + -+ QpmxTn = b; (t=1,...,m)
56120,1'220,...71’”20
ooOooon

gobgd 2. 000000 0O000bOo0oboobooon

O0000000A10A,0A;000000000D00000D000D0OC00O00DOO B0 B0 B3O
p,000b00b0bO0ob0obobOoobooboo0ooooboooboobobobobOobobLOobDOooDOon
gboboobooobooobobbooboobooboobooobobooooboobooooboooobobon
goboobooobooboooboobooobuoobbooobuoobobooon
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A, | 0 0O OO0 OO
A4, |00 O 0O OO
A; |00 O 0O OO

goodg 3. 0000ob0040nb0 poboobooboboobd

gbooobooobobbobooboobooobbobob 4000 20 sO0DOO0ODODOO
gbobgoooooooooboob b boboboboboboboobob 0 U0b0bOobo
obooooyobobooorooboooooobooboboobooboboboooboon«o
o0 00000 s <, 00000000 O00ODOO0ODOO0ODODOO0O0O0O0O0 mO0b0000
goboboboboboboboboboboboboboboboboboboo
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goboobgoobobooboobooboobooboobobobobbobbooboobooboon
gboooobobbobooboboboboobuoooboboobobobbobooboobob
(00oO0oOo0)L00oU0oO0bLOOoOO0LOO0000O0C000DOO0OO0O0DOO0OO0ODOOO0UDOO
gboboboboboboboobobobooboobo

0000000000 ()OoooooooooooOooOOooUooUoOoOoOOooOoOobOoOoOOoOoOooo
0000000000000 00000o0ooooUooo0d (n+m)00000 (MOODOOODO
00000 (000,.+mCyr) 0000000000000 OOOUOOOOOOUOOOUOOOO
0000000000000 0000000000000O00OD (DOODUbOOOD)0DUOObo
gobooooboooboboobboobboobobooobooobooooboboobboobn
gboboboooooon:

e JOODOODO
e (HDODODOOOO p,OOODOOODODO

goboobooobboooboooboobooboobboobooboobobooboobon

00 (2)00000000000000000DO000O00 =3,24,2; 0000000 0OOOOOO
goo

max 3r1 + 2x9
T1,T2,T3,L4,L5
subject to x3 = 4 — x1 — x9
T4y = 9 — 2x1 (3)
Trs = 7T — 2.1‘1 — X2

120, 222>0, 2320, 242>0, 25>0
DDDDDDDD(?)DDD(3)|:J|:|D|:|DDDDDDDDDDDDDDDDDDDDDDDDDD
go000ooooooooooooooonon

(3) 0000000000000 00LOUO0LO0O000OLOO00OOO0ODOO0O0N o, 22000
gboooboooboboooboobobbooboobobbobobonobobg a3, 24, zs00 00O
gbobobobobobobob obOobOOOOObOODOOOn

(3]'1, X2,X3,T4, 1135) - (07 07 47 57 7)

000000000000 3)00xs, 4, xs 000000002, z. 0000000000000
gbobobobobobuo 00000000 o0ooooooooooooooDon:

z = 31 + 2x9
r3 = 4 — x1 — X9 (4)
ry = 5 — 2x
r5 = — 2331 — i)



gbobogboobbooobooobbooobuooboan

() 00000000000000000ODODOO0O00 1000 (¢, 0000000000000
oo

(i), 000000000000 OOO0UOOO0UOOO0OOOO0OOOUODODOOOODOOOD
000000000000 (¢;000)0

(i) »; 00000D02; 0000000000000 OO0ODOOOOO

[0ooo 1)
(400 -,00000000000000000000000000000Q 20000000040
0002,=000000 2 000000000(4)00

3 = 4 — x1
Ty = 5 — 2x1
7

xT5 — 2x1

dddUlezs,zg,zs >20000000000000O0O0OO0ODO0O0O OO
min{4, 2.5, 3.5} =2.5

O000000000000000000000 (ratio test) 00O O

40 x=25000024=0000000000 00000000000 24000000
goboboobooobooboonoobo

z = 75 — 1bxy + 2x9

3 = 15 + 05xy — 29 (5)
r1 = 25 — 0.bxy

T5 = 2 + Ty —  T9

()00 (5000000002010 (000 (2,1))000000000000 (pivot operation)
oooo

Ooooo 2

0000 4. (5)00000000000000000(@O000000000000 710000
oo)

0000 5. 0000000000 (r,22)00000000000O00O0OOOOOO 1000000



000000 1.1. (000) (6)

ooo:00o0ogog:

Z = ¢ + caryg +  CIng t 0+ TN
Ty = b — anzTya — @2ZNE) — 0~ GnTN(n) )
LB(m) = b — Am1TN@) — Am2TN@R) — = AmnTN(n)
o000 ODOoOoN()=1,..., Nn)=n, Bl)=n+1, ...,Bm)=n+m O

Stepl: JO0OO0ODOO

O00e>000000 s(1<s<n)0O0O0O0ODO

gbooobobobobobo sbobooooobobooooooooooooboboo

Step2: 0O OOODOOO

pooooootobdooooooonououbdodl oy DOODLOOLOOO0O0O00O00

OO0 oood
by/ars = min{b;/a;s : a;s >0, 1 <i<m}, aps>0

ugboo oboobobooboo -r0ob0DbOo0
goobobob r0DO0O0OO0ODOOLOODODODOD 1S EMOO00 a5 <0000D0
oooD 00 2y DO0Ooooooooooobooooooooood

000 00000000(r,s) 0000000000000 0000OStep10000O0

000 OD000O0000O0O0O (7)0D000 Step100000
N /

0000 6. 00DO0OOO 1.10 Step1000DO0O00O0O0DOOOODOOOODOOODOOO
goboobooobooon

0000 7. 0000000000000000O0O0000OO0O0O0OO0OO0OO@EMOOOOOO0O0O0OD
O0000o0ooooooooooooog)

0000 8 000000 1.10 Step20 0000000000 0O0DOOOOOOODODOOODODOO
gobodgbooobobodabod

oooo 9. 0o0ooobO00oooobOooooooo
maximize 3r1 + 2x9
subject to —2x; + a2 < 1
T — x99 < 2
-1 + x2 < 3
z1, T2 > 0.
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000000 (000000 1.1)00000000000 (SteplO0O0O0 sO0O0O0)00O0O0OO
gboobooboboboobooboboobuooboboboobobobobooboobob
goboobooobobooboooooboobooobbooboobbooboobobooboobn

0000000 000 SteplO00000¢, >000000 sO0000D0D00O0O00D0D0OO ¢4
gboooobodaboan

O00D0000 000 SteplO0D000O0e,>000000s000000000000 ¢4 x 7y
googoobooboobooooboo

rs = min{b;/a;s : a;s > 0,1 <i < m}

\ J
0000000000000 000o0o0o0UO BlaendOOODOOOOOO)ODOOODOOOOO
oottt ooouooooon
gdodooodoooooouoooodoboouoouoooooonoo

ob140000000Bland0 000000 DO0ODODOOOOOOODODODODODOOOO
gbodgboobobooboobobooboboobooboboobouooboboobobob
goboobooobobooboooboboobooobobooboon

UO00b0b0ob0ob0ob0ob0ob0bU0UbU0UbU Klee-MintyDOnoonoonoono

n
maximize g 10"z
i=1
i—1

subject to 23 10"z +2; <1007, i=1,....n
J=1
l'jZO, jzl,...,n

gbooooboboboodn0bDO0OODbO0OO0OOODOODOOOODOODOOOODOOOOODO
oo0o2"0000000000000000000ODO00 (DOOOOO)ODO0O0D0UODOOOOD
ooboogooo2r—-1gogoobobooboboboboobooobobobobDoooobUoDbo
gbobobooboooooooooooo

n=300000000000

maximize 100z + 10x2 + x3

subject to 1 < 1
20z, + T9 < 100

2007 + 20z + x3 < 10000

x1,T2,X3 > 0

0000 10. n =30 Klee-MintyOOOO 00000000000 (DO0OOODO)00O00OO
gbo7oobobooooooboboboboooboobooooooobDoboboboooUDo
obooogo



z 1001 +10zo +z3 z 100 —100x4 +10x9 —Hx3
T4 1 — T 1 —24

s 100  —20x; —29 5 80  +20x4 —

T 10000 —200x; —20xy —x3 T 9800 +4+200x4 —20x92 —x3
z 900 +100x4 —10x5 +x3 z 1000 —100xy —10x5 +x3
T 1 — T4 1 -1

T 80 +20x4 —xs5 T2 100 —20x, —x5

T 8200 —200x4 —+20x5 —z3 g 8000 +200x1 —+20z;5 —
z 9000 +100x7 —+10x5 —zq z 9100 —100x4 —+10x5 —x¢
T4 1 — T 1 —24

To 100 —20x; —xs5 9 80  +20x4 —

T3 8000 +200x; +20x5 —x¢ T3 8200 —200x4 +20x5 —x¢
z ~ +100x4 —-10z0 —zg z —100x1 —10z9 —xzg
I o —X4 Ty - —X1

x5 4+ 20x4 —9 Ts —20x1 — X9

T3 _ 4200x4 —20z2 —zg T3 ~ =200x7 —-20z2 —zg




1.4 00000OO0O0OoOobbOboooobobobooon

gobogoboobooboooboooobooooboobobooboboooboobooobooon
gboobooobbboobooboboobuooboboboobobobobooboobob
goboobooobooooboobobooboobboobooboon
gbobobobobobobobooooooooooo

gogbodgbooobuoobooobboobuoobboobuoobboobooboooboon

ooobooobooooboobooooboooboooon

goboobooboboooboooboobooobuoobooobuoobbooboobbon
gbboobuoobooobobobobobooboobooboboobobuoobobobobobbob
gboobooboboobooboboobobooobooboboooooooboobooobon
goboobogobbooboobbooobuoobboobbooo

gbbodoboobbooboobo

0O 1.1. maximize rT — 2x9 + x3
subject to 201 — x9 4+ x3 < 0
3r1 + 1z 4+ xz3 < 0
—5r1 4+ 39 — 223 < 0
120, 222>0, 23>0

goboooboooobooobooooboooboooobooonboo

T4 0 — 221 + x2 — x3
Irs = 0 — 3$1 - Tro — T3 (8)
g = 0 + dx1 — 3z + 2z3

z = 0 4+ x — 230 + 3

0 0000OOOOOO0OO0O0O0OO0O0O0ODO0DO00O0O0OOC0ODO 1200000000 (6)DODOODODOO
gbobooboooboboooboooboobooobuoobobooobooaonoo

x4 0 + 2/3z5 + 5/3xz2 — 1/3xs3
x; = 0 — 1/3z5 — 1/3z9 — 1/3z3
x¢ = 0 — 5/3x5 — 14/3xz9 + 1/3z3

z = 0 — 1/3x5 — 7/3xz9 + 2/3x3

000000o0oo0o0o00oooO0 (=0)000000O0OO0U0bDODOOOOboDD b, 0 00
O000000000000000000 (degenerate) 0000

e NUUDOOODODLOOODLOODDODOODLDOODLOODLDOODbOOO

goooogooooooooooo o000 o, DOOOUOOOOOODODOOODOOOODLODOO
(degenerate) 0 O OO

gbobooboobbooboobbooobooboooboobbooobooboon

e NOUODOOODODOOOLOOODDOODLOOODO



e NUUOOOODLOODLODLOODLOUODLOOODLUOLDOODUODLDOOn

gbooobobooboobooooboboooboboobooobooboooobobooooboo
gbogboooboboboobooboboobooboboooobobobooboobob
00 (cycling) 000 O00O0D0O0O0OD00O0O0DO0OODOOOOOOO

O00o00o00o0o0o0ooU0oo0oOoUoO0oo0oooO0ooooOoOOobLOoO ®Uooooo
gbooboobooo

T3 0 + 25 + 5Ty — 314
rn = 0 — T5 — 2x9 + T4
e = 0 — 5 — 3:62 — T4

z 0 + rs + To — 2z
x3 0 + 1/3z5 — 5/3x¢ — 14/3xy4
g = 0 — 1/3%5 + 2/3:66 + 5/3564
xg = 0 — 1/3z5 — 1/3z¢ — 1/3x4

z = 0 4+ 2/3x5 — 1/3z¢ — 7/3z4
I3 0 — r1 — T — 3:64
zz = 0 — 3r1 + 2x¢ + 9T4
o = 0 + ry — T — 2xy

z 0 — 2r1 + T + T4
Ty 0 — 1/3z7 — 1/3xz¢ — 1/3x3
xs = 0 — 14/3x; + 1/3z¢ — 5/3x3
o = 0 + 5/3%1 - 1/3(66 + 2/3:83

z 0 — 7/3z1 + 2/3z¢ — 1/3z3
T4 0 — 2r1 + Ty — T3
Irs = 0 — 3%1 - o — T3
g = 0 —+ dxry — 3ra + 2x3

z 0 + T — 29 + T3

1200000 (6)U0OD0ODO0OO000OOODOOODODOOOOOOUOODOOODOOOODOOODDOO
()0000DO000000O0O00DO0O0LOO00OO0OO0O0ODOOU0OOOUOOOODOOOO
gboboboboboobooooooooboooooooobooon

~
gboooobooboobbooboobboobooo

(Bland’s Pivot Rule or Smallest Subscript Rule)O

1. 000 (0000000000 00O0OD0OD0O s DODODDODO =2 OOO N(s) OO
gobooboogoo

2.000 (p)000000DODOOOO0O0OUOO r» DODDOODOOO 2 OOO B(r) OO
gobooboogoo

J

10



00 1.1. 000000000000 000000000000 0O0C0ODO0O0OOO ()00

gboooboobooogd

gbobooboobobooboobooobooboobbrioboobboobooboo

X4 0 — 221 + To — €3
Irs = 0 — 3$1 - Tro — I3
g = 0 + dx1 — 3z + 2z3

z 0 + x1 — 229 + 3

gogobooobboooobobooobb - UO00DDbODOO0bLb0O0O0 s=100000000n
obobobobobobgooboobobD o ODOOOOOOOODOLDr=10000000D0O0OO0

gobooobooooooobooooon

x] 0 — 1/2z4 + 1/2z9 — 1/2x3
x5 = 0 + 3/2x4 — 5/2x9 + 1/2x3
T6 0 — 5/2%4 - 1/2%2 - 1/2$3

z = 0 — 1/2z4 — 3/2z90 + 1/2x3

gobooboooboobooobbooboboooboboobbooooboboooboonD =z ODOOOO

gobooboobbooboobbooboobbooboobbooobobooboo

T3 0 — x4 + 22 — 211

x5 = 0 4+ x4 — 2290 — 1

g = 0 — 2x4 — To -+ ol

z 0 — x4 — x93 — 11
go00oooooooooooooo
oooO 11. 0000000000000 0000O0O0000000O0 (z;>0,i=1,...

I5 6 — 2%1 + 2:[2

gy = 3 — x1 — X2 + 2x3

Tre — 3 - r1 — o — T3

z =0 + 21 — 229 4+ 3

1.5 0Jgobooboogoogboogo

000 (6)0O000O0O0O00000OObODODOOOO

0 1.2. maximize 1 + T2 — 2x3
subject to —2z; + 2x2 + x3 <
—2x1 — 2x3 <
—z1 + 29 + x3 <

2120, 29 >0, 23 >0

11

goboogboobooobooooo

,6) 0



gobodgbood

T4 —4 + 27 — 239 — 3
rs = —3 + 2x + 2x3
rg = —2 4+ x1 — 219 — I3

z 0 + x1 4+ x93 — 2x3

gboobobobobobobobobobobobO0obobOobOobD z,

maximize

subject to

gooog

_ma

T4
L5
L6

—4 + 23:1
-3 + 2x;
-2 + =z

x,

2r9 — x3 —+
+ 2z3 +
29 — r3 +

...,JJGZO, .CUazO

00000000000 << 9YOooooooooo

0000000 (oooooUoooUoooooooooo

(9)0000000000

T4 —4 4+ 2x1 — 2x9 — x3 —+ T
5 = —3 + 213 + 2x3 + Tq
r6 = —2 + =z — 212 — 23 + T
(Z = 0 + x1 + x2 — 2x3 )
Za, 0 —q

gooooooon

Tq
Lq,

Lq

(10)

O0000000000000 2z(=-z, OD00O00O0OOOOOO - O0OOOOODOOOOOO
ubd =z, ODOODOO0ODOODOOOOO0OOOOOODODODOODOOOOOObOObOODbODO
goboobuod «, OOO0O0O0OOO0DOOO0ODOOO0ODOO0OOO0ODOO0OODbOO0DbO0O0 x4 OOO

gopboooo

Lq,
T5
Ze

211

T1

+ 219
+ 29

+
_|_

3

3333

+
+
_l’_

Iq
T4
T4

(z

Za

I

—4

+
+

I
21‘1

_l’_

Z2

— 2172

22113

z3

)

Iy

(11)

000000000000 000O0000000 (p)D0O00D0OOODOO00O0ODODODOOOOOO

goooaoo

x1 2 — 1/2z, + x2 4+ 1/2z3 + 1/2z4
z5 = 1 + 2z0 + 3rs + Ty
x = 0 + 1/22, — a9 — 1/2z3 + 1/2x4
(= 2 — 1/2zq4 + 2x9 — 3/2x3 + 1/2x4)
Za 0 — Tq

12

(12)



gbbogodbgobobboboooboboobuooboobobobooboobobbob
gobodno =z, DO0O0O00O0OO0D0O0 2 ODOO0OO0OO0OOO0OOOOO0ODOOOOOOOOOOOO

+ oz 4+ 1/2z3 + 1/2x4
+ 2x9 + 3rs + T4
— x2 — 1/2z3 + 1/2x4
+ 2m9 — 3/2x3 + 1/2x4

T

NS = N

Is
Tg =

A =

Jod0bOoOO0d0obooOo0o0o0odoooooooooDodDoObOo00odoDoDoODoOO0OoODoOOoOon
Joooon
maximize 1 + 2x
1
—r1 — T2 = -1
120, 222>0

subject to 1 + T2

VANRVAN

gboboboboboobobobobooobo

T3 = 1 — 1 — xo + x4
gy = -1 + 71 + T2 + I,
(z = 0 4+ x1 + 2x9 )
Za = 0 — X4
\
T3 = 2 — 221 — 220 + x4
Ty = 1 — x — 9 + x4
(Z = 0 + r1T + 2[132 )
Zg = —1 4+ x1 4+ x2 — x4
)
1 1 — 1/2z3 — x9 + 1/2z4
x, = 0 + 1/21‘3 + 1/2:L'4
(z = 1 — 1/2z3 + w2 + 1/2x4
Zq 0 — 1/2z3 — 1/2x4

goboooob z, DO0O00O0OO00D00OO0,, 0000000000 DOOO0ODOOO0OODOO0O0
gbooobooobobooooooboobobooobobooboooooboboooooobouDo
gbobooboooobobooboboobodgbuoobobboboobooobooobobobob
ob 3 OO00 2z, O000000D0O0OO0D0DOO0DOODOOODOODOOODOOODOOO

T 1 — =z, — 2 + a4
rz3 = 0 + 2z, — x4
(z =1 — @ + 72 + a4
ze = 0 — x4

gbobooboooboboobooobbooboono boob 1300
gbobooboobooobooboooobooboobbooboobboobooobon
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0oooooo (13)
000: 000000

000: 00000000000000000000000000000000

Stepl: 0000000000000000O00000O0O000O0O

000 000000000000 2, 000000000000000z%,=-2,0000
000 00000000 (60000

000 0000000000000000000000000000000000000000
Step2: 0000000000000000O0000O0O00OCOOO

000 0000000000000000 (2) 000 (b)00000o

0(a) 0000000000000 2,000000000002,0000000000
000 2, 00000000000000000000000000000

O() 0000000000O0000 2,00000000000000000000

gbo0 bogobbooboobbooboobboobooboboooboobboooboooDo

000 () 000000
N J

0000000000000 (13) 0000 ()00 0oU00O0oDO0DOoO0oULOooOoUonO
good

000000 OTwo-Phase Simplex Method[ h

doooooooobo oooooo

O000OPhase I I (13) 0000000000000 0O0O0OOOOOOOOODOOOO
KDDDDPhaseIIDDDDDDDDDDDDDDDD(G)DDDDDDDDD )

ob 1.2. J0000o0oo0oooooooong

li1gbooooboobooboooobogoobooooboboooobobooobooboobooo
000000000000 00000000000O00O0O(13) 00000 0o00DULOoOOoOo
00o00000o0o0oo0oo0oOoO0oO00o0O00Oo0oUO0O0DLOOoULOOUOoOO (600
gbobodgboobboobooobobooboobobod ||

goog 12. gboboooboooboboooooo
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maximize 3r1 + 2x9

subject to —2x1 + a2 < 1
rT — 2:1}2 § —4
1 + xp <02
JI]_,.’EQZO.
ooodod 13. 000 (13)000000000000o0o00ooo0ooo0ooUooooooOo

gooo

15



1.6 00O

000000000000 (duwaity) 0000000000000 OODOOOOOOOOOOO
gboboboboboboboobobooboboobo

0 1.3.

maximize 15x;1 + 20x9

subject to
E1l: 41 + 6xo < 240
E2: 221 + re < 90

2120, 22 >0

gbooobooobobooboboboobobobobooboobobooooobobooboobon
gobooboobobooboon

E3: z = 1bx1 + 20z9
O000E1O000000
El1 x4 161 + 24zo < 960.

UboboboboboDb =z, 2z DOOODODOODOODOODOOOOOOOOODOOOOOOOO
0000000000000 00000000000000 z=(x1,22) 0000

z = 1621 + 20a5 < 960 (14)
00000000000000000000000000000
0000 El0 E200000000000000000000000000000000

(Ay1 +2y2)z1 + (6y1 + y2)x2 < 240y; + 90y2

Elx 1)+ (B2 x ) :
( y1) + ( y2) 0000 >0, yo >0

(15)

goboobooobbooboobooooboobooaon

15
20

dy1 + 2y

>
6y + Y2 =

gobooooobobooobboooobboo 13bbo00oooobooobooboobooooon

oboobodd
minimize 240y; + 90y9

subject to 497 + 2y > 15 (16)
6y1 + y2 > 20
Y120, 4220

goboodgbooooo

16



000000000O00oO0o0O0O0 ()oo0D0o0o0o00oO0DoO0oOOOLOOooOOoooOooo

maximize cry + coxos +-+ CnTn,
subject to a1 + apxe: +---+  awmr, < b
Am1T1 + am2T2 + A GpnTn < by,
1 >0, 202>0,---, 2, >0
00000000000 (dual problem) O
minimize biy1i +  boys 4+ bnym
subject to a11y1 + a21y2 +- -+ AmiYm > €1
aipy1 + aopy2 +o ot GmnYm = Cn
y1207y220;---7ym20

000000000000 (18)00000000 (17)0000 (primal problem) 0 0000

ubbooboobobooobaoboo

maximize  —biyr — bays —--—  bnym
subject to —aj1y1 — a2y —-r—  AmiYm
—ay1 — G2Y2 — —  GmnYm

y1 20, y2>0,...

gboboboboboboobooooooooooo

minimize —c1r1 — CoLy — - — CnTn,
subject to —a11x1 — apre —---—  G1pTn
—Am1T1 — Gm2T2 — = Ampndn

120, 10 2>0,---

< -

—Cp,

7ym20

> —bh

Z _bm
y T >0

(17)

(18)

(19)

0000000000 (170000000000 o0D00o0oO0oUoOO0oUoOoUoooOOoUo

1.6.1 0000

00 1.3. 0000000 OO0 (700000 (18)000000000 =,y OOOOO

> cri <> by

gooooo

[D 1.1. O0O00OO00O000b0bO0o0obOooboboooboobooon

goooooo
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0 1.2. 000 (1700000 (1800000000 z,y OOOODOOO

> = by

gboooboobodn «,y OOOO0OO0OOOO0ODOOOOOOOO0O

Ul200000000000000000D00DO0DOOOO0OOODOOO0OO0ODbOOOOD
goboooooooo

ub 14. 000000 OOOobOObOO00boboOoobooboooooobboobodoono
gboooobooboobbooboooboobon

gbgbobobobooooboobuboooogboboboboboboboooobooban

\
ob 1.5. 0000000 gooboooboooboon z,y OO0DODOODODOODO

00000000000000000000000000000000
0 j=1,....,n 0000

z; =0 odo ayt + -+ AmjYm = ¢j;

googno «=1,...,m 0000

ai1T1 + -+ ATy = b; ooo y; = 0.
N J

Proof. O00OO0OO0ODOOOODCOOOD 2,y ODOOODOOOOOO 2,y OOODOCOODO
gobodboooobooboooboobooo

cha:j = Zbi?/z‘ (21)

goooooo
T(nti) = bi— Zaz‘jxj (it=1,...,m)
Ym+j) = ¢+ Zaijyi (j=1,...,n)
goooo
docizi — 2o biyi
= Z(Z Qi5Y; — y(erj))xj - Z(Z ;T + x(n+z))yz (22)

:_(Zy(m+j)$j+zx(n+i)yi)
0000(21)0000000000000000((22)0000000000 2,y 0000000
(] Tjy Yiy $(n+i)’ y(m+j) gooooobooooooooo

0 j 000D 2;=0 000 yyun; =00

o0 ¢ D000 24yy=0 000 y=0

gobooboobboobooboonoobg |
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ooodb 14. 00O 7.3000000

googd 1s.

goboob r.igbooooo

oooobo regbogbon

gobodb 16. 0D0O0OO0OO0OOO0OOOOOOOOOOOOO

maximize —r1 — X9 — X3 — X4
subject to 3r1 4+ Sx9 4+ 223 — x4 < 4
—x7 4+ 4dx9 + 3x3 — 214 < =2
—2xr1 + bry + 4x3 < -3
21 + 3z — 3xg4 < 2

£, T2, T3, T4 > 0

1.6.2 0OO0OO0OOO

gbobooboobobooobooboooboobooobooboonoobg

0 1.4.
oooo
maximize 1bx; + 20z9
subject to  4x; + 6xy < 240
2r1 + zo < 90
r1 -+ 2z < 100
120, 22 >0
ooooa

minimize 240y; + 90y2 + 100ys3
subject to dy + 2y + y3 > 15
6y1 + y2 +  2y3 > 20
Y120, y2 >0, y3 >0

0000 (2400000000000 00O0

maximize —240y; — 90y2 — 100ys3
subject to -4y — 2y2 — ys < =15
—6yr — 2 - 23 < =20

y1 >0, y2>0, y3 >0

19

(23)

(24)



0000000000000 0000O0000O0O000DOO0000 {zs, 24,25}, {ys,yst OO
goboooboobooooboboobooonoog

r3 = 240 — 4:E1 — 61’2
= 90 — 2 —
Ty I T2 (26)
z = 0 4+ 1521 + 20z
ya = —15 + 4y + 2y2 + Y3
y5 = —20 +  6y1 +  y2 + 2ys3 (27)
w = 0 — 240y; — 90y2 — 100ys3

ugbooooooboon vy, yo, y3 UOODODOOOODODODOOOOODODOOOOOODOOOO
gbooon0 z3, 24, xzs DOO00O0O0O00OO0D0DO0DOO0O0DOO0DOO0O00OO00OO0O0O00 21, 22
UbooboboboboDb w, ys ODODODODODODODODOO

T(nyi) © Vi (I1<i<m)

goboobooobbg n=2,m=3 000000

z; 00kOOOOO0OOO = 0000 yw O0kOODOOOODOOO

29
z; OOkO0O0OO0OOOOOO0 = 0000 gy 00kOOOOOOOO (29)
ooooooooon
00000 (26)0 (27) 0000000000000 OODOOOOOO
T T2
T3 240 | -4 -6
zq4| 90| -2 -1 (30)
x5 | 100 | =1 =2
z 0] 15 20
Y1 Y2 Y3
—15 4 2 1
Ya (31)
ys | —20 6 1 2
w 0| —240 —-90 -100
0000000000 000000000000
b| —A —cT AT
d| ¢ —d | —b" (32)
ooo ooon

00000000 A, b, e, d 00000 mxn, mx1,1xn, 1x1 00007 0000000
0D00od

000 (28)0(29)0(32) 00000000000 OOO0OO0UOO0OO0OUOOUODODODOOOO
gugoboboooobbobouoodoobbboooobbbooooboobbuoooobboooon
gooo

20



0000000000000 00O00000OO0O0D0DOoODOOoOoOUOO )UooooDoooo
gboboodoboooobooobooooboooboooon

x1

L3

xo [ 40]-2/3 —1/6
xy| 50| —4/3  1/6 (33)
x5 | 20| 1/3  1/3
2800 5/3 —10/3

0000000 31)0o0o00000U0o0O000O0O000DU0U00O0o0OODODOo0DUDUUooOoODO

Ys

Y2

Y3

ys | —5/3] 2/3  4/3 —1/3 (34)
v | 10/3| 1/6 —1/6 —1/3
w| =800 —40 —50 —20

0000000000 0oO0Oo0ooooooD (28),(29), (32)000ooO0U0OOOOODOOOO
0(33)0 (34 000000000000 oooooooooooo

U0 1.6. 0DODO0OOMO
gboooooboood

000000000000 (28),(29),(32) 000000000

gboooboboboooboobooboooobooboooboobooobooboooooboobooobDOoo
gbogobooooboobobobooooboboobobobobooboobooboobobbon
obogm

ubbooboobbooboobbooboo
e NOIODDOODDOODLODOODUODLDLOODODDOODLDOODO

000000000 (32)0000000000 b O0OOODODUUO ¢ O0ODOOOOOOOOODO
O00000o00o00o0O00o0oUo0o0oO0o0oOo0D (booo b Dooooooo —¢f o
00000000o0Oo0O)oooooooo

00000000000000000 33)0UboDoo0o0o00U00ooooooooooon

Ty

T3

9 15] 1/2 —1/4
x| 75/2|-3/4  1/8 (35)
x5 | 65/2|-1/4  3/8
z[1725/2 | =5/4 —25/8

0000000 31)0o0o00000U0o0O000O0O000DU0U00O0o0OODODOo0DUDUUooOoODO

Ys

Ya

Y3

Ys 5/4] —1/2  3/4  1/4 (36)
n 25/8 | 1/4 —1/8 —3/8
w | —1725/2 | —15 —75/2 —65/2

21



0000(36)0 (33 0000000000000 (35)00000 (36)0000000000000
00000000000 (35)0000000000000000000000000000000
ooooooo

oooboboo oooboobooil4bobobobboUoboUobUobooboOobDobDobDOobDUDo
gobogboobbooobooboaonbodg

goooboooboobooooboooooboobooooobbooboo p Ooooboooo
016000000000 D OOOOODDOODOO D J0O0O0O0ODOUODDOOODOOODDOO
00000000 DO D000 ((32)00000000O000COOO0O00DOOOOOOODOOD
gboboobooobbooboobobooobooboobbooboobboobooobooo ||

0oodooooooobob D oooooooobboboooooooooo b ooooooo
z = c + carya) + 2Tyt TN
oo0oooodo Db oooooo ¢ ooogoooooooo

x; S Ymty (1<j<n)
T(nti) € Vi (I1<i<m)

00000000000 w,...,9m O

—c; Hi=N(@{y)—n
p={ 7 V) (37
0 otherwise

gpoobooooog
goboobooobooboooobn

oooog
gobood |oob |obbod
googod g x X
gogd goo X X g
goooo X O 0

gobgd 17. DO0oO0bOO0O0bDOOoO0obOo0oboOoobOooboon

r3 = 250 — 0.2bx5 — 2.25x9 — 2.2bx1 — 2.251;y4
re = 250 + 0.752z5 — 0.25x9 + 4.75x1 — 0.25z4
zy = 750 4+ 025x5 — 2.75x9 — 1.75x1 + 0.25x4

z = 250 — 025z5 — 1262 — 1.26x7 — 1.25z24

22



1.7 ODOO0O0OO

gbobooboobbooobooboooon

maximize 2z

subject to
anr1 +  a2r2 + 0+ GTn T = b
: (38)
Am1T1 + amaT2 + -+ AmpTn + L(nd+m) — bm
—cry — Coxy — v — CpTn + z
2120, 222>0,..., 2, 20
oooooooobooooooooooao
maximize z
subject to Ax = b
T B (39)
—c'z + z = 0
x > 0
oooo
a! = ( L1, s Ty T(ptl)r "y L(ntm) )
c’ = ( €1, s Cny C(ntl)s s C(ntm) )
ain o @ Gpyl) 0 Ql(ngm) b1
A= : : b=
Am1 **° Gmn  Gm(n+1) " Am(n+m) bm
oooo

00 B={B(1),--,B(m)}0000 N={N(1),---,N(n)} 00000 (383)000 D OO
0000000 D 000000000 00000000000000000000000000
000000000000 AO0O0000 Agp 0000000000000000 Az=»5b 00O
~Tz+>=000000000000000

Apxp + Anyxzy = b

o o (40)

00o0000o0ooO0oo0n (zg,zy) 0 DOOOODOOOOOODO b OUO0OODODODOOO Apzp="»0
ooobobooooon

mxmO0O Ap 0000 (Ag)™! 0000 (41)

goooboooboboobobooboobUobb0ob0 p UbObboUobUOobOOobObOobDboOobUbDbOo
ooo

(40) = Apxp=b-— Anzy
= xp=(Ap) 'b— (Ap) 'Anzy (42)
(43) = z=chap+chay
cEl(Ap)7ib— (Ap) 'Ayzn] + kN
cp(Ap)'b+ [y — cp(Ap) T Anlzy (43)

23



TN

D= zp| (Ap)~'db —(Ap)tAn (44)

z C%(AB)_lb C% — C%(AB)_lAN

00 (44)000

e J0DDODOOOODODDD (Ap)™! DOOOOO A, b c 000O0DDDDDOOOOO
gboboobogoogd

gbobodboobboobooobbooobooab
ubobooboooobooooo

maximize 201 + x2 + z3
subject to 201 + 219 — w3 + 14 = 6
21 + 4dx3 + x5 = 4 (45)
—4x1 4+ 3x2 — x3 + xzg = 1

x1,%2,T3,T4,%5,T6 > 0

goboooboogad
00000 45)000000oooo

33T = ( r1 T2 I3 T4 Iy g )
=(2 1 1 0 0 0)
2 2 -1 1 0 0 6
A= 2 0 4 0 1 O b= | 4
-4 3 -1 0 0 1 1
JodddooobOoOoon
maximize z
subject to Ax = b
'z + 2 = 0
x > 0

0000000000000000000
N=1{1,2,31  B=1{4,56}

O0000oooonD Ay 00000 Ap OOOD0ODODO eyOep OOOOOO

d=(2 1 1) ch=( 0 o o)
2 2 1 10 0
Av=| 2 0 4 Ag=| 0 1 0
43 1 0 0 1

24



00000000000 (Ag)"!=71000000000000000 4)0000000000
gboobobooooon

0o 1 2 3
416(-2 -2 1
5/4/—-2 0 —4| = |b —Ay
6|11 4 -3 1
710 2 1 1 o ¢!

00000000000000000000000000000000000000000000
0000000000000 (Ag)" 000000000 (=1)0000000000 50000
¢ [

b=(Ap) 'b=| 4 ¢ =ck —ch(Ap)tAN = (2,1,1)

00000000000 e0000O0O0OO0OODOOOOODOODODOO s=1(e;=2) 00000
000000000000000000D00000 10 -A; 0000000

2
Ay = (Ap) 'Ayq) = 2
—4

ooooooooood
Bg/dm :min{Ei/dil:lgigm, Eli1>0}; ao1 >0

goboopooobor-r=200000000000r=20000 s=100000000000O
000000000000000000000000000000000000 (Ag)~! 0000
goo

gdod N(l):5:>N:{5,2,3}

000 By =1= B={4,1,6}

I -1 0
000 (Ag)™t=|0 1/2 0
0 21

gobooboooboboobooooboobooobooboobobooboon

2
b= (AB)_lb: 2 ET:C%—CE(AB)_lAN = (—1,1,—3)
9

c=100000000s=2000000020 -4, 0000

2
AQ = (AB)_IAN(Q) - 0
3

poooon
I_)l/(_ng :min{l_)l-/c_zig 1 <1< m, ap > 0}; aio >0

25



r=10000000 »=10000 s=2000000000

oo N(2)24:>N:{5,4,3}
000 By =2= B=1{21,6}

1/2 —1/2 0
000 (Ag)~'= 0 1/2 0 (46)
-3/2  7/2 1
Doo0OOooo
b=(Ap) b= 2 ¢l =ck —ch(Ap) AN = (-1/2,-1/2,-1/2) < 0T

6
Jooodooobooooboooooa
ro=1, x1=2, x24=6, z5=x24=23=0

000000000000
z=ch(Ap)"'b=5

0000000 y=cL(Ap) ! 000D0D000O0D0DO00

1.8 0000

ugbogbooboboobuoboboooboobobooboobobbobooboboboo
goooo

gooooooooobOo v 00 ebobOobObUbOobOOObODDUODODOO
goo

00000000000000000 BOOOOOO (Ag)! 00000000000O0O0O
00000 (440000000

TN

D= zp (AB)flb —(AB)flAN

z C%(AB)_lb CIJ\} — Cg(AB)_lAN

ob b0 b+t 0000 cU c+s 000000 0OD0O0OO0OOOODODODODODODOODODO
b O0O00oO0oo0oOoo0Ooooooooooooogn

(Ap)~'(b+t)>0; ODOO (47)
(CN+SN)T— (CB—FSB)T(AB)*lAN < o’ (48)

0000000000000 000000000000000000000 4000 ¢ 0000
000000000000000000000000000000000000000000000
(45)00000000000
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>O00sU0D0D00O0O0O0OO

00000000000000000000 t= (4,000 s=0 00000000 s=0 0
000000 B={21,6} 000000000000000000 (4700000000000
00000000 (46)0000000000(47)0

1 1/2 —1/2 0] [ # 0
2 | + 0 1/2 0 0|>10
6 -3/2  7/2 1 0 0

ogooooooon
1 + 1/2t1 >0 = t1> -2
2 >0
6 — 3/2t1 >0 = t1§4

ooooo b Uboboob0o4000000020000000D0ODOOOOOODOOOOOO
180 00

>00 ¢y DUOOOOOOO0O0O

O00000 ¢ 0D00D00000000D0O00000O0 s=(s,0,0,0,0,000 t=0 0000
D00D0@NHO000000D00000000M8)00000000000O B={2,1,60000
O N={5,4,3} 00O

s =1(0,0,00  sL=1(0,5,0)0

ooo
¢l =ck —ch(Ap)tAy = (—-1/2,-1/2,-1/2)

000000000 0Oo (48)0

1/2 -1/2 0 01 -1
¢’ —(0,s1,0) 0 1/2 0 1 0 4]<o0'C
-3/2  7/2 1 00 —1

0ooooooo
(—1/2,-1/2,—1/2) — (1/251,0,2s1) < (0,0,0) = s > —1/4

000000 ¢ 000000 o O0O0O0OOODO 1/40000000000000000000OO
gbobobobobobob 18000

goo0d 18. OO00b0bOOo0obOoobooooooo
ooobo , boooooooooooooooooooo
ooodd ¢ oobooboodgooooooooodod

good 19. ODoobOoobobodgbooon

maximize 2x1 -+ 9
subject to 3z; + 4y < 6
1 + 1/3z2 < 1
x1, v220

27



gobooooo
000 max 3z + x2
000 max 2z + 1/2x9
00000000 oOooooooDooobooooooog
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2 Jooooon

00000000000000000000000DO (00, 000)00000000O0O00O0
oobo0o “<cob0roboooboooboooboouobooboboOoooDo

2.1 00O
211 00O

0000000000000 »nO0000000 AOOO0OO0ODx#00000 2'4xz>00000

0000D000000D000A=000000000000 20000 2'Az>000000000
000000 (0000)0dooAx>o00000O

AOO0O0ODOOOOOOOOO0ODOOOO0ODOO0DAOODOOOOODOOOODOOOOOOO
goooaoo

(000000000 0) ODUO0OO0 SUooO0,0003000000DULOOoOUoOO:

(1) y'Sy >0, Vy € R"
(2) SOD0DO0DO0OODO0O0ODO
(3) S=D?000000000 DeR™™O0000

(0)000000000000000000 ADOOOOD (=00000)0{1,...,n}0000
A00DO0O (000)0000000/0000000J000000 A[,J]00000007=J
0000000 ADDOODOO00O00000000000 (principal minor) 000000000

AODOOD & A0ODQOOOOOOOO >o0
AODODOO < A00QOQOOOOO0 >0

O0ooooooooooooooI={1,...,k}(k<n)D000OO0O0OOOODOOOOOOOO
00000000000 (leading principal minor) 0000 (000000000 ADOOOOOO
0000000ooooo)oooooo

AODOO «A00DDOOOCOOOO >0

goooooboognd
ADO0ODOO «A00DQOOODOOOOO >0

0000000 (=000000«000). 0000C0OD2"000000000RO000000
goo
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2.1.2 000000

ubogboooobobbooboboobuoobobooboobobboboobooobooo
gobooboooooboboobooboboobooobobooboooboon

OO000O0O fOO00ODOOOOCOOD

_ (9f(x) of(x)  Of(m)\'
Vi) '_< Ox1 = Oxy ' Oz >

O f00000000D00O00OCO00DO00DOOO00O00DODOO00O000nxn0ODO

V@)= | affw)
%f(w) .. 82Tf(a:)

gobooobooooo

00 fO000O0DOO0DOOODDOOODOOODOOODO
oooood 1
0<30<1, flw+d) = f(x)+Vf(x+6d)' d (49)
f@+d) = f(x)+ V() d+o(]d])
0(49000000 f(e)D000D0D0OO00ODOOODOOOOO
00 fO000000O0OD0O00O0OO0O0OO0OOO0ODOODOODOO0O0O0
ooooodo 2

0<30<1, flx+d)=f(z)+Vf(x) d+id Vif(z +0d)d
fl+d) = f(x) +Vf(z)Td+ 3d"Vf(z)d+o(|d|?)

0000g(z) = o(h(z))004¢g00000 A00000000000000700000 limg_g(z)/h(z) =
o0o0ooooo

o0 21. 0d0000b000obogoooboobooboobooboobobobobboboobboon
gboobooooooon

2.2 000

XCR'OOooo
Lefy r,z2 € X, €[0,1]=(1—-Nax1+Az2 € X

gbobodbooobuodgbooobooboobobuooboobbuoaboo

ub 21. d0b0o0bobooboadbooo
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g 2.2.
X={xecR"| Az =b,z >0}

gboboobooobooon
R'000000000COOO0O0O0zeCO000OOOOO A>00000 xeCOOmOD

O0O0CODO (cone) 000000000 DOO0DOO0O0OO0O0OO0OODOOODOODOOODO (convex
cone) 10 OO

23 000

oob “cboono’obooooooboobobo0ooooobooobboobbo0ooOooDboOoDo
gbooooobobboboooboooboobuooboboobooobobobobooobobon
goboobogobbooboobooobuoobooobooboobbooboobboooo

ooooo foOo0obDoOoOooogoo

{(,y) e R" xR |y > f(=)}

0000000 (epigraph) 000000000 fOO0DD0OCOOOOODOOOOOOOOOOOO
goooooo

00 2.2 f00000000000000O00000000
/000000000 ®,2,0000 A€[0,1]00000 (1—-Aa;+A, 000000000

(1 =N f(z1) + Af(z2) > f((1 — Nz1 + Ax2)

gooooo

gb22000000000000000000O000O000O0ODOOODOOOOOOOObOOO
god

\
f:R" 5 ROODO
Lz e RM N €[0,1] = (1— N f(z1) + Mf(@) > F((1— N1 + Azo)
f:R'"-RODODOOO
L s € R @1 £ 2o, ) € (0,1) = (1 — N f(@1) + M(z2) > f((1 = Va1 + Aa)
f:R">ROOD0D &L fpooo,
g x,x2 € R", A €[0,1] = (1 — /\)f(ﬁcl) + Af(z2) < f((1 = Nz1 + Az2) )

24 0O000O0OOO

10000000000 f:R—- ROODOD0OODOOCOOOOOOOOOD,000 2,ye ROO
oo,

fly) = f(@) + f'(@)(y — x)

31



00000000000000, f:R*"—-RO100000000000000,000 z,y€R"
oooo,

) = fla)+ 3 BB 4y ) = fla)+ V1) (o) .(@ooom) ()

j=1

gooooo

oo 23. f:R"—- RO 10000000000O0ODO.O0OOO, fO0000000O0O0OOOOO
00000000 20000002,y RPO0ODUO0OOOOOO (50)000000O0O0OODOO

25 2000000000

OO0O0f:R'-RO20000000000. f000000O0DODD,0002eROOOO,
goboobooboooooooboog.
f(@) =0

000,000 € R"O000,00000 V3f(x)0,000000 (0000)00000000
gooo

00 24. f:R"—- RO 200000000000000.00D0O, fO0O0O0DODOOODOOOO
000000000 x€eR"O00000000 V3f(x)0000000000000000

00 23. 00 fO000VeR™OODOOOceRMOOO~0ODOOO

1
f(x) = inV:x +ec'z 4 (51)

oooboooboooooobooovooooooooooooboO0 fOO0DO 2000000DDOO
gooog
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3 Uoooon
3.1 ODUooobood

00000 f(x) 00000 f(x) 000000 0000000000000 00:000000O
ooooR'O0O0OOCOOO0000O0ODOCOOOOOOODODOCOOOO

000 f(x)
(P) n
o0 x e R".
00000000000 DOO00000U0.0000OOODDODDODO0O0O0OO
000 f(x)

gobooobood

*00POOD0O0D (000) L f(z*) < f(z) forall

£*00POOD0OOOO (0OO0) &L

Je>0: f(z*) < f(x) for all z € B(x*,e) :={z||lx —z*|| <e}

00000 (000)0000000000000000000000000«*00000 z # «*
0000 f(z*) < f(x)0000000002* 00000000 (00000)00000000

00 3.1. f(z)=23,X=RO0000,2z=0000000 00000000.

3.1.1 O0O00000O0O0OO0O00O000

00000000 «0000000000000D000000000O00O0O0O (optimality condition)
000000000O0O0O0O0O000O0 (P)ODO00D0D0D0OOOODOOOO

00 3.1. (1000000)
¢*000000000 (P)OO000DOOO, f:R" - RO «*00000000000000,
Vi(z*)=000000.

Vf(x)=0000000000000 (stationary point) 0000000000000 O0O0OOO
godoboooobbtbooooobbtboooobbboooobobooobnboboooooo
O (saddle point) 0 0 00O

00000000000 (000)000000000000D0000O0O000D0ooooOooDOO
gboboo2b0b00000o00o0bobooo2b0b0b00o0ooboO02000000000DO
googd

00 3.2. (2000000) 20000000000 fO000000 20000, V2f(z*)000
obooboobooo

00 3.3. (2000000) 20000000000 f0000 x*00000V2f(z*)00000
ooo0,*00000000000.
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00 3.2. f(x)=ax®*+br+c000 (P)OOODDODO,000000000000004,2000
oo0o, 2000000000079

00 3.38. f)=3z'Vez+c'z++y000.

(1) Vf(z), Vif(z)ODOOO.

(2) (P)ODO0O0O0ODO, D00000O0OOCOOOO0O0OL2000000, 200000000
oov¢

00 34. 0000000 f:R"—-RODO0OOOOOO, fOOOO (Vf(zr)=000000O
z*)0 fO00000O0O0OOO.

ugbboogoboobobooooobooboboooobbbuooooobobbooooobobooboboao
goo

0 3.1. 00 28000000000000 (51)0000000000O0IO000000 (OO 8.3
(2)0000000 «*=-V~-leD 10000000V OO0OO0DO0DODO0OO0OO0OOOOOOOOOD
00000000000 £«.*000000000DO0VOO0ODOOo0OOO00ooOOoOoooooooooo
coooooooooooooooooboooobobo0ooDboOoUoO 40D OOOO

3.1.2 0O0O00D0O0OOOO

gslb0obooobooboooooboooboboooobooboobooooobooboboooboo
000000000000 (Pp)0D0000000O0O00DO0ODO0O0O000OOOO0O00DOODO0O0OD
gobobobooboboobouoo “sboboboobDooDobDooobDOobD>obooboDooboUuDo
gobogboobbooooab

00000 0O021000000000000C0D00000000DCOO0OCODOO0ODODOOOOO
O0000000000000000000C0O0O000bOO000OOOO0O0OOOO00OODOO000Db
00O (steepest descent method) 00 00000000000 OOOOODOOOOOOODO

/DDDDD ~

(Stepl) D0DOO0O 20 0000¢t=00000

(Step2) Vf(z®W) = 00000020 0000000000000000000004% =
—Vfooo f(z®+ad?) 000000000000 0000

(Step3) () =@ 4 od) 000000000t —»t+1000 step20000

J
000 ¢>0000000000000000000000000000000000000000
a00dY =-Vf(®)00OD0D0DO0D0O000D00000000000000

000 fle® + ad®)
og  a>0.

34



gbooob1l1oboooboobooogoboboooboooobooobooboooobobooooDoDo
gbooboobooobooobobooboboobobobooobobooboboooboobon
gooond

gbobgoboooooobooboboobgoobooboooboboboboobooooobobobonDo
gbobooboloodobooobooobooobooboobooboobooobooooooboan
gooooo

00 3.4.00 (0,00000000000000 f(x1,72) =22 — 22170 + 223 — 421 + 200+ 300
0000000000200000000000

000000 0000 «“0bO000OO00bOoOO0b0OO0o0ODOOo”DO00DOOOb0OO fO0ODDO
oo0bo0od0 00000 fOODOODOOOO30DO0O0ODOOOOO0OODOOOOOODO

f@+d)~ f(@)+ Vi) d+ %dTVQ f(@)d. (52)

0000z000000000d0000 «+d000000000000000000000000
000000000000000 V2f(z)0000000d0000000000000000 3.1
000000d=-V2f(z)'Vf(x)00000000000(2)000000000000000
00000000000000000 2000 «+d0000000000000000000O0
0000000000z —2—V2f(z) 'Vf(z)00DD0D0D0O00000

KDDDDDD ~N

(Stepl) D0DOO0O 20 0000¢t=00000
(Step2) Vf(z®)=0000002Y 000000000
(Step3) V2f(z") DD ODODODODOOOOOOOMO

d¥ = -V f(2") 7'V f(2)

00000zt =20 4+ dP 000000000t —¢+1000 step20000

uboogobooobobobobooobooobobobooboooboooboooooooooboboo
googooboobobooboooobobobobooboobobbooboobooboobon
DDDDDDDDDDDDDDDDD:c(t)EIDDDDDDDDDDDDDDV2f(:c)DDDDDDD
gbooboooboobobobobooboooobobobooboboobooboooboobon
gopbooooboogn

00 3.5.00(1,1)000000000000 f(x,22) = a? — 2zy29 + 222 — 42y + 229 4+ 30
00000000000000000000000
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3.2 DUOOOoOobooOoOg

000000000000 0O0O000OO0O00C0OO0 (10D00D0oO)DO00ODOO0DbOODOO0Oo
00000000 31000000000000 (KKTOO)OOOOOoOoooooooooooo
gooobooboboobooboobooooboobooboooobooboooboobon
gbbogbuooboboboubuoouooboboobooboobobooboobooobobob
gobooboooboboooboobooonoo

3.2.1 0O0O00O0O0OO0O0OO0OOOOOO0OOOO

gboboboobooobooooboooooooooooooo

oodod
@ (5)
o0 gi(x) <0, i=1,2,--- ,m.
000000000 (3) 00000000 FOOOODODODUODODODOOODODOoODoOooDoooDoOO «
oooooO(oo)y 0 ‘0000 (oo)y0oooooOO00O0000000D0DO00Oooo
gooooooon

¢ 00PODO00O0D (000) LS f(z) < f(x) forall z€F

*00POOO00O00D (000)<L5 3 >0: f(a*) < f(z) for all @ € F N B(x*, ¢)

000000000 (3)0 0000000000000 DODODOOD0OO0OO0O0DD0DOOOOOOOOD
00000DO0o00O00DO00DO0o0O00oO00oOO0O0ooOO00oOD0o0ooO0OooO0oO0oDOo0Dg =
0000000 (oO0OO0)OoO0O0O000000000000 Vf(z*)=00 10000000
o0oooopooDo £x*00000000bCobOoO000OoOOo00OoDOO0b00g OO0
gobooboobobooboonobooboon

00 3.5.(1000000)

020000000000 (5300000000, f,gi(i=1,..,m)02*0000000000
00 00000000000000,0000000000000Karush-Kuhn-Tucher(DJ 00
000000000000)000KKTOOOOOOO A*eR"000000

5’f8($9j)+;>\;5982‘;”j )0, j=1,m (54)
Negi(z*) =0, i=1,...,m (55)
gi(x") <0, i=1,..,m (56)

AN>0, i=1,...,m.

gooboooobooobobobooKKTOUODOoooooobuooooooboboobo ‘oo
oooooooboooorobooooooooboobo0oobboooooobooobboOooDoooo
goboobooobooooil1gbooon
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0000000000 iel(x*)00000i0000,Vg(z)000OO00. 000, I(z) =
{i:gi(x)=0,i=1,..,m}.

KKTOOOOOOoOoooOoooooooobooooooooooooooobo «eL0O0000o
0000000000000 00D0«:.*0000000DOO00DO0O0ODODO0OO0DDOOODOOOOD
KKTOOODOOOO XN eR"OODOOOOOOODODOO

000000000 (3) 0000000
L(z,A) = f(z) + > _ Nigi(x)
i=1

000 (3)000000000000UOOoUnDO A, e=1,..,m, 0000000000O0OOOO
gobooobooboboookKTOoDOooooooogoooooooooooobooooobooo
0002000 A00D0Q000DO0O00000O VL(x,A), V) Lz, \N)OODODODOKKTOOO

VaoL(z,X) =
VAL(Q?,A) <
VAL($,)\)T)\ =

S © O

gooooobooooo

oo 3.6. 2000000

000 fl@)=c'z+iz'Qx

P
(QP) oo Ax >b, x > 0.

0 KKTODOOOO.O0OO,Ae R™", beR", ce R", Qe R”"000000.

3.2.2 0O0O00O0O0O0O0OO0OO0OOOOOOO0

uboboobooboboobooobobooooboooboobooobooboooooan

000 f(x)
00 gile)=0, i=1,---,m (57)
hi(z) <0, j=1,--- 0

m 4
L{z, A p) = f(x) + > Xigi(x) + > ph ()
=1 =1

gob,p>0. 00000 20000000000000000000O00O0000O00O0O0ODODOOO
oooooobooboobooooonD KKTooooooooo

ViL(z, A, pn) =0

VaL(xz,A\,n) =0

VL(z, A 1) < 0 (58)
©n=>0

ulhz(w) = 0, 1= 1, ,f

\

gbobodgbobooobuoobbooobooobboobooabbd
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3.23 00000

0005700000 f, ki, i=1,2,---,m0000,¢;, j=1,.,0000000000000
0000000000000000000000000000000000000

00 3.6. 0000000 KKTOOOOOOS5M0000000000. 00 f, ks, i=1,2,---,m0
gj, j=1,.,400000000000000 (%A% p*)0 KKTOODO 5000000, 2*00
0D05M00000000.

goo,00 350003600, 00000000D00O0ODOODLO,KKTOOOODODOOO
gbobooooo.

oo 3.7. (1) h;: R* = ROOO0O0O000000 =1,..,./0. 0000,0004a; >0, j=
4
1,..,£,0000,nx):= Y a;h;(x) 000000000000
j=1

(2) (1)00000000 2800000,00 8.6000.

3.24 0O0O0O0OO0OO0ODOOODOOODOO

ugbbooboobbooboobboobooobbooon

000 f(x)
00 g(x)=0, i=1,2--,m.

obob0o KKTOoODooOooobobobooboo

00 3.7.00000000000000000KKTOOOf,¢ (i=1,..,m)000000,00,
¢*000000000000 (59)000000000. 0000, Vg (z),...,Vgn(z*) 0000
0000, X eR™00000O,

V.L(x*,A*) =0
ViaL(z*,A*) =0,
goono
0 8gZ .
—L(x* \*) = N —F—— —O =1,...
ax] ( ) ) ax] ; b ] ) ’n
0
L(x* 2\*) = g;(x*) = =1, ...
o, (", A%) = gi(=*) =0, i )
goooo.

gbooobobob»+mUi0000000n4+mO000000000000000000000
gobboobbuooobobooobboobbooobbooobbooobooobboonooboon
gboooboobobooboboboobooboboboobobooboobobooboobon
gobobgbooooooboboooobobobooooboooooooooboboooooboo
gbogboobobooboobobooboboooboobobooboooobooboobob
gobooboooobooooo
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U 3.2. 0ddbooobbooboobbooobuooboboobobuooboobbooo

000 224 y%+ 22
oo 6x + 3y + 4z = 61

KKTOGOnO
2x 6
2yl +A 3| =0
2z 4

DDDDDDDDQ;:—?))\,y:—%)\,z:—2)\DDDDDDDDDDDDDDDDDD)\:—QD
O0000oooooooooooo (6,3, 0000

3.2.56 0000
gboooboobooboboobobobooboobobooobooboobobobboboo

gobodbooobooboooboobooobooboobbuooboobboobooboo
000000000 (B3)000p00oooboooooo

L(z,A) = f(@) + ) \igi(=)
=1

00000000ming maxy.oL(z,A\) 0000000000 (33)00000000000000
goooooo

x0100000AO0D0Q000D0O00O

m}f\iX L(z,A) st. A>0 (60)

000000000 g(2) >0004i0000000(0)000000000000000000 4
0000 ¢(&) <00000Ng@) =00000(60)0000000000000000 f(2)00
0000 (60)00000 400000000000 F& 0000

pia | f@ g@<0G=1...mDo0
@) = 1o ODOOODODOO

gboboboboob

min F(x) = minmax L(x, )
xecR" T x>0

00000000000 (3) 00000 ooooooooooon

00 3.8. (max-min 0 min-max 000 )

min max L(x, A) > maxmin L(z, X)
T A>0 A>0 T

39



godn
LX) = n%lijnL(m,)\)

gbobooboobbooobooobobod:

m§X L(A) st. A>0 (61)

000 B3)0(00000OO0)0DO0O00OO0OO0OOO0O00ODODOOOODO (3)DObODOOOOD
goboooood

goboobo3suguonouooooon

00 3.9. (000ODO)
(53)0000 p000 (61)0000 ¢, 00000000000060p>6p,000000

fp > 6¢p0000000O0OOO0DODOOOOOOOOOOOOODODOOOOODOODOODOD
fp=0p0000000000O00DOOOODOOOOOOOOOODOOUODOODOOOOOOODOO
gbooooooooon

00 3.10. (D0O0OO)
00 (53)00000f, g, i=1,...,m000000000000000000000 «*00000
0000000000000000000000000000000000000000 00000

o0 3.8. ddboooooooooonboo

000 c'z
oo Ax > b
x>0

gobooboobboooboon
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3.3 UuUuuouooooon
3.3.1 0000000 O0OO0OO0OOD0

000000000000000000000000000000000000000000000
0000000000000000000000000000000 (53)00000(max{g(z),0})?
0000000000000000

m

min f(x) +p ) _(max{gi(x),0})*

=1

gbobooobdbpboboobOobOobO0OO0oOoO0bDObOO0ObOO0ObObODLOODbDODbOODbOODODO
0000000000000 0000O0p—>+00o0000000O0OO (B3)0000ODOOODOOODO
gobooboooboobooobooboooboon

00000000000000000000000000000000000000000000
0000000001/z; 0 —loge; 0000000 #;>0000000000000000 (53)0
0000 -log(—g(x))00000000000000

min f(z) — v log(~gi(x))
i=1

00000000 (3) 0000000000 DODOO0OO0O0O000D0D00ODOO0OODODOYOODO
googoobooobooboboobooobobvyooboboobobbooobooboboboo
gobodgboobbooobooobooobuooboobbooboobo

3.3.2 0O0O0OO0OOO

gbooobooboobooooobobboboobomoboooboomboboooboboo
gboboboboboboboboboboboboob

ngnch st. Az =b, >0
gobooooobooooooonooooon
rr}ti:n cl’e — puXilogz; st. Az =b
odoooooooono KKTooo
A =b, ATy+z=c, XZe=_pe (62)

00000000e00000001000000X,Z00000000 22000000000
000000000 KKTOOO 2n+mO000000 2n+mO00000000000000000
0000000000000000000000000000000 ¢>00000KKTOOOO
D00 (%4,9,,2,)0000000000000000000 {(€4,y,,24):p>0}0000000
00000000000 000000000000000000000000000000000
0000000000000000000(62)000000000000000000000000
0000000000000000000000000

k00000000 (=F,¢* 2 0000000000000
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() 000000000000 0D0000000000
(i) 000000 (24, y,,2,) 00000000 (Az,Ay,Az) 00000

(i) 0000
" 2f L 0Ax, ¢ yF Ay, 2P 2P L oAz

0000000 (zft! >0,z >0)000000000000006¢0000

(ih)0ooOooooooooo

A(xF + Az) =b, AT(y* + Ay) + (¥ + Az) = ¢,
(XF + AX)(ZF + AZ)e = pe

gobooboobbooboobooobuooboobbooboooboo

AAx =p:=b— Az"
ATAy+ Az =0 :=c— ATyr — 2F
ZFAx + XFAz = pe — X*Zke

gbood2n+mUdo0o000O 2n4+mO000000000000O0DOOO0ODO0O0OOODO0O0ODOO
oooooooAbdOdODOOOoO0O0OODOODOOOOOO0ObOOOOO0ObODOOOOObDOOOOODOo

42



01:00000G=(V,E)D0000V ={s,t,a,b}0E ={(s,a), (s,b), (b,a), (a,t),(b,t)}0 00
0000000 0000

4 0O00000O0O0O0O0O

ubdoobobboboobobooboouoobooboobooboboobooboboo
000000 (000000 L)00U0000D00D0D0DU0000D0D0D0O00O00000000ODo
goboboboboogobobooooooobobooobooobooooobobbobooboobOoDbDbo
gbobodbooobooboobobooboobbooboobog

4.1 0000000

0000000000000000000000000000000000000000000
00000000000000000000000000G=(V,E)0000000 sevOOO
teVOODOc¢:E—- R, O00000000000000s+¢00000000000000000
O000O0¢:E—» R, 0000000

e 00 1(0DODOO) 0<e¢p(e)<cle), Yee E
e 00 2000000)  9¢(v) =3 (yuer P, 1) = Xy ver P(u,v) =0, Vv eV \{s,t}

gboob1l1gogobgobgobobobobobobobobobobobobobo

max f
st Tsatzse=[, —Ta—Tpt =—f,
Tat — Tsa — Toa = 0, Tpag + Tpt — Tsp =0,
0<25a<3, 0<zsp <3, 0<apo <2, 0<r <4, 0<xp <L

uoboooboooboboooboooooboooboooon

min - 3ysa + 3Ysb + 2Yba + 4Yat + Yot

st.  —ps+p=1,
Ps —Pa+Ysa >0, Ds—D6+Ysb >0, Pp—Da~+ Ypa >0, (63)
Pa— Pt +Yat =0, ppb—pt+ype >0,
Ysar Ysbs Ybas Yat, Yot = 0.

O0000seU,teV\UDOOODOU (CV)UstOOODODOODODUOOOO

k(U) = Z c(v,w)

(vyw)eE wel,wgU
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0000000000000 00000000 swOO0O0UOOOODOODOO0OOOOO0O (63)0
0000000000000 0000O000O0000DO0O0UOE3) 000000000000 0Oo
goooboooooboboboobooboobboboobooboboobOoobobbon
gbobodgboobbooboobobdd stbuobud stuubbuoobuabo

00 4.1. 0000000000 O00OD0O0O (Ford-Fulkerson)

max{0p(s) | ¢:st000 } =min{x(U) |U:st000 }

4.2 [0O0O0O0O0O0

0000 (unimodular matrix)
&ppoo 1,-10000000000000b000b0b0o0bo0oboon
000000 (totally unimodular matrix)

& ppoooooo 0,1,-1000000000000

uboobooooooboboobooobooboooobooobobbobooboooboboo
00000000000 0D0000 c(e)DOO000OOO0DODOOOOOOODOOOOOOO

00 4.2. 000000 Ae R"O00000C0OO0OOOOOOOOOOOOOOOOOOOOOO

min Tz

(P)| st. Ax=0b (D)
x>0

max by
st. Aly<e

gboboboobobooooon

e bUUDDODODODODOUDUDO(P)DDUDUOD x*eZ™"00O0ODO

e cO0ODODOOODODODUODO(MD)DOIUOODY eZ™OODDO
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5 uoon

5.1 0OO0OO0OO0OOO0

gobooooobooobooboobooboooboboogoboooooboooobooboobooo
gobooboobboobooboooobooboon

n

maximize Z Cjx;
j=1
n
subject to Zaijxj <b; (=12,....,m)
j=1

xz; >0 (j=1,2,...,n)

goboobooobooboooboobooon

ooboobooooooboooooobobobooooboobooooooobobooooobobooo
gobobodbooobobooooboobobobobooooooooboboboboogno
gboobooboboboboboooob1boobobooobobobobobooo-1bo0boonon
0-100000000 000000

5.2 0U0O0O0OO

googbooooboobooooobooogobobooobobooooboboooboobooon
oboboboboboobobooboobooboboboobobooooooooooon

maximize f(x)
subject to x € S

0do0doOdoOooOooOooo soooooooooog s;,i=1,...,k000000000000O00
oo

maximize f(x)

subject to x € 5;

00000000 (P)0000D00O0O0S=U%,500000000000000 0000000
0(p),i=1,...,k000000000000 f(x) 0000000000000000000 (P)
00000000000000000000 (R)00000000000000000S;0000
00000000000 (R)O00000000000000000000000000000000
00000000000000000000000000000 (R)00000000000 (P)
0000000000000 000000000000000000

00 (p)00O0O0OO0OO000D0DODODOOoOoooooD SO Sizuz:pSgDDDDDDDDDDDD
Sp,...,5,000000(/)0000000000

maximize x
(P /(@) }Ezpwuﬂ

subject to x € .Sy
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(P)

(P)

0200000000

000000000000 00000000000 2000000 (tree)J00000DOOOOOO
gooobobobooooobboooobbboooobbboooobDbobboooobbbooooo
(0000000000000 O0O0O0COOO0O00ODO0O0CODOOODODODOOOOODODOOOD
00000000000 00000000000000 f(2)0000000000000O00OO
gbobobobobobobobobobobobob

000000000 (P)O0O0O0OQ0O0O00O0O0OO0O0D0ODOOO0OOOO0D0D0D0DO0DO0DOOOOOOD
gobooboooooboooboobooobbooboobbooboobooooobon

P maximize f(x)
| subject to x € S;

0o0o000o0oooso s 000000000 (P)000000000D0D0D00000oooan
00000 z 000 (F,)0D000O00000OODOOODOOOO

1. #;,€$,00000z0 (B)000O

2. 000 20000 f(z;) < f(&)00000(P) 00000000 f(&) 000000000
00

3. 5, 000000008 000000

00oo00O0o00U0o0UdoD (P)O0DU0D0O0O0O0O0O0O0DUOO0O0OUOO0O0UOOODOOOD
00000000000 ()OO0 000O0U0OOO0 z000000ODOOU0DODOOOODOOOO
oo00o«“000000000000C00OO0OD0000O0 (DODoOobooo)yoooo

ubboobooobbooboobbooboobobooboonobooon
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000000 (00oOoooooooon)

0000 10(0000)
Z=—o0o, N:={(P)},p:=10000

000020(@0O0000)
N:=¢00000

000030(0000000)
NOOODODOODOOO0O (B)0000ON =N\ {(P)}

000040(0000)
0000 (P)0000000000

401: 0000 (P,)000000000000000000 20 ((P,)00000)0
402: 0000 (P)000000000000 20000 2z = f(z) 00000
e %,<2000000020 ((P,)000O0O)O
e 7,0 (P,)00000000000002,0000000000 20 % = f(&)
0oooO

0000s50(00000)
5010(0000) % >2000 2=%,2=#,0000%0 (B)0000000000
000020 (P,)00000)0

5020(0000)
(P,)0D000 (P),...,(P,)000D0

N =NU{(Py),...,(P)}, p:=q+1

gbooboboz200
\_ /
000020000 N :=¢9000000002<0000000000 PODOODOODOZ2=00

00 POO0O0OODOOOUOOOO (DO0OO0OOO)00DOOONDOOOOUODOOOOOOOOOO
gobooboobobooooboobboobooboboobooboooon

000000o0o0000oooO0o00ooooO0o000 ()ooooooooooooooooo
000000000 ((2)0D000D000ooo0ooOO000o00D0D0OooOOOo@)UUoooooooDOoO
(4)0000000000000000O0O00000OO0DO0OODODOOOn
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6 J0O0O0OOOOROOO

6.1 000000 (queueing theory)

gbooobobooboooobooboboobboobooboobooboboobonoo
OO0000000ooooooooooCoobb0O0og19900 A K Erlang0 000000000
gbobooooobobooboboobobooboboboboooooboboobonooooan
gobooboobbooobooboonoobo

6.1.1 0O0O0O0O0OO

gbobgobol1goooooboboboboobooboboboboobooo 10oobobo
gbooobooobobootobuoobuobboboboobooboboboobooboooboobobon
gboooboobobooboobooboobobooboobOooobooboboooboboon
gbobobobobobobobobogsboooooooooonoog

() 000000000000 8OODOOO
(h)OOUOOOOOOUOOOOoOooOoOooooooos8sooooo

(gO00OD0O0O0COOOODDOO0ODOOOUOOOOODOO 1200000

(h)0OOOOUODOOOOOOOODO 1400 20000000000(c)000000OD0O0OOO0OOO
l600 80 0DLb0DLODLODLODLODLDODODODbLODODODO

(a)J00000(M) 00 100004000000000000200000(c)0 000000
gobooboobobooboobbooboo1o0o0oao

0 1: (c)0D000O0O0DOO

gooo 1 2 3 4 5 6 7 8
gooo 0 10 20 30 40 50 60 70
oooooo 6 8 16 8 16 8 16 8
ooooooog 0 16 24 40 48 64 72 88
gooo 0 6 4 10 8 14 12 18

()0 (h)OOODOOOUOOOOODOOOO0DOOO0OOOOU0ODOO0O0DODOO0DOOOOOoOOO
gobobobobobobobobobobobobobobobobob

6.1.2 0O0OOO0OOOODO

000000000000ooooO0 (X)oooooooooo (Y)Yboouooo (eboooo
(m)00OOODO0O0OOOO0OOO0OOOOOOO0OOOD X/)Y/e/mOOOOODOOOODOOOO
gobboodobboobboobbuoobbuoobobuooobuooobooobboobboobn
oo mMOoboOoobOobOOobOobOobOobOobOobOobOobOobO0obUObO0obOoDbDUObOoDbODbO
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000000000000000 MOOOOOOOOOOOOOO000000000000000
000000000000000000000000000000000000000000000
000000000000000000000100000000000000000000000
0 M/M/10000

6.1.3 M/M/1000

o0oo0ooo0oooooU0oOoooooooOoA(>O00DOO0OOO0DOOOOODOOOOOO,O
000 (.,t+7]000 kO0O0OO0OOO0OOOOOOOOOOO
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